Embeddings of Cayley graphs into nonorientable surfaces are studied. Some lower and upper bounds for the nonorientable genus of abelian and hamiltonian groups are obtained. In the case when the lower and upper bounds coincide the nonorientable genus is computed. For example, let A = Zml X Zm2 X . . . X Zm" where m;+llm; (1 '" i '" r -I); if 4 divides m l , r ~ 3, and m, ~ 5, m, odd, then A has nonorientable genus 2 + (r -2)IAI/2. In some cases the method is applied to orientable embeddings. For example, if the abelian factor A of a hamiltonian group H has rank r ~ 6, then both the genus and the nonorientable genus of H are determined unless either IAI is odd or m, = 3.
1, INTRODUCTION
To get an 'efficient picture' of a group we seek a surface with maximum Euler characteristic on which we can embed a Cayley graph of some presentation of the group. In the past mostly orientable embeddings of groups were studied. Here we follow a uniform approach for both orientable and nonorientable embeddings. All groups and graphs in this paper are finite.
By G(T, .1) we denote the Cayley graph of a group T with generating set .1. Note that G(T, .1) has no loops (as the identity is never an element of a generating set) and is connected. There may be multiple edges if .1 contains generators of order two. Sometimes it is more convenient to identify the opposing pair of edges that correspond to a generator of order two, It can be easily verified that both viewpoints are equivalent as far as the genus and nonorientable genus of a group are concerned and we shall be using both, For terms not defined here the reader may consult any standard book on topological graph theory, say [17] .
The genus y( G) of a graph G is given by:
y( G) = the minimum k such that G embeds in Sk, the orientable surface of genus k.
In a similar way we define the nonorientable genus (also called the crosscap number) y(G) of G by:
y(G) = the minimum k such that G embeds in N k , the nonorientable 'surface of genus k.
The genus y(T) of a group Tis the minimum genus of any Caley graph G(T, .1) for T, and the nonorientable genus y(T) of Tis the minimum nonorientable genus of any Cayley graph for 1:
min {y(G(T, .1»1.1 is a generating set for T}, y (T) min {y(G(T, .1»1.1 is a generating set for T}.
There are two basic approaches to the genus problem for groups. The first one consists of classifying groups of certain genus. An old result of W. Maschke [6] determines all planar groups (that is, all groups of genus 0). Much later, V. K. Proulx [10] classified all groups of genus one. Recently, T. W. Tucker [13] isolated the only group of genus two. He also proved that for each genus y > I there are only a finite number of groups with genus y; see [11] . The other approach consists of determining the genus of a chosen family of groups. Some results are known for symmetric and alternating groups [12] . Abelian and hamiltonian groups were also studied and now the orientable genus is known for most abelian groups [4, 16] ; see also [17] . The only unsolved cases involve abelian groups with no quadrilateral embeddings or those involving Z3 factors in their standard product form. Recently M. G.
Brin and C. C. Squier have announced that Y(ZD = 7. They improved the lower bound 6 of T. W. Tucker [14] and therefore showed that the embedding of Mohar et al. [7] is minimal. It is also known that 13 ~ y(ZD ~ 14.
Here we have chosen the second approach with abelian and hamiltonian groups. We need the following notation: Recall that a nonabelian group is hamiltonian if each of its subgroups is normal. Here are two well-known structure theorems; for proofs see for instance M. Hall [3] ; see also [1, 17] To these ends, we introduce more notation and terminology. By the rank of a group r we mean the minimum cardinality of any generating set for r:
rank (r) = min {ILiIILi is a generating set for r}.
To each hamiltonian group H(m" m 2 , ... , m r ) we may associate two numbers a and b. Let a denote the number of even numbers among m i and let b denote the number of those m i which are greater than 2. Then we can write mj = 2nj for I ~ j ~ band This normal form is used, for instance, in the book [17] . We shall call it the alternative product form. 
Also (q, 0, ... , 0) = bZ will be denoted as b q • If q = I we shall write b h instead of b~. An arbitrary element X can now be written as
For the alternative product form
(a factors Z2) we shall use a similar notation except that we shall write er., q E Q,
Let Tbe an arbitrary group and let ..1 be an arbitrary generating set for T. 
The rank of an abelian group can be determined from its standard product form; see for instance [3] . • A similar result holds for hamiltonian groups. PROPOSITION 
The quotient group H jS is isomorphic to ~+2, where a is the number of even numbers among m l , m2, ... , m" as before. Since r ~ rank (HjS) = a + 2, we get R ~ r + 2 for a = r, and R ~ r + 1 for a = r -1. • Unfortunately, it seems that calculating the parameter e(r) is as hard as computing rank (T). The following proposition whose proof is immediate and is omitted gives three lower bounds for e(T) for a general group r. PROPOSITION 6 . Let T be an arbitrary group and let R = rank (T). Then:
• For abelian and hamiltonian groups it is possible to obtain explicit formulae for e(T). The following Lemma helps in the abelian case. In this section we first establish a generallower bound for the orientable and nonorientable genus of a group and then apply it to abelian and hamiltonian groups.
The following result is a refinement ofthe lower bound by Jungerman and White [4] and J. L. Gross and T. W. Tucker [2] , which was originally devised for orientable embed dings of abelian groups. (2), (3), and (4) in the Euler formula
The right-hand side of (5) attains its maximum for e-minimal generating sets .1. Hence 
(6) X ~ ITI(1 -e(T)/12).
There were four inequalities used in the derivation of (6). In order to have an equality in (6) we have to have equalities in (1), (2) , and (4). They occur if and only if there are t21T1/2 digons, t31TI/3 triangles and no face has size greater than four. In addition we have to have 6s + 3t 2 + 5t3 = e(T) which, in turn, is equivalent to e-minimality of A.
• The result of Lemma 10 can be specialized according to the orientability of the surface. If we consider only 'optimal' surfaces we can rephrase it as follows. • Combining Propositions 8 and 9 with the Lower Bound Lemma we immediately obtain the respective lower bounds for abelian and hamiltonian groups. • We believe that the bounds in Corollaries 12 and 13 are quite tight. In fact A. T. White [16] and M. Jungerman and A. T . White [4] proved that equality holds in the orientable parts of Corollary 12 for the cases (a) and (c) whenever the right-hand sides of inequalities are integers.
_k_! is even and m,_k is odd then
However, if we take in case (b) m = r = k = 3 we only get a lower bound 35/8 for the orientable genus of zL which is worse than the bound 6 from T. W. Tucker [14] . To show that the obtained bounds are not bad we have to find upper bounds not too far apart. This is what we try to do in the next section
CONSTRUCTIONS
In this section we construct embeddings of Cayley graphs for some abelian and hamiltonian groups. We mainly use the method of even patchworks.
Define a patchwork of an embedding of a graph G into a surface S to be a collection P of faces such that the union of all boundary walks of the faces in the collection P forms a 2-factor of the graph G. Given an arbitrary collection offaces P, by OP we temporarily denote its boundary graph, that is the graph determined by the union of boundary walks of the faces in P. Two collections of faces P and Q are said to be isomorphic if OP and oQ are isomorphic graphs.
Let n be arbitrary positive integer. By nP we denote any collection of faces that can be partitioned into n subcollections QI' Q2, ... , Qn where each Q; is isomorphic to P and they are pairwise strongly disjoint, that is, no vertex of a face in Q; is also a vertex of a face in Qj ifi =f. j.
The proof of the following Lemma in a different terminology and in a slightly different setting can be found in a work of Pisanski [9] ; see also [8] . LEMMA •
The following result is also implicit in [9] ; see also [2, 8] . THEOREM 
Let G and H be I-Jactorable (regular) graphs of degree d. Then G x H has a quadrilateral embedding with 2d quadrilateral patchworks. The embedding is orientable if and only if both G and H and bipartite.
The following Lemma which will be used in the constructions is an easy exercise and therefore its proof is omitted. LEMMA PROOF. We start with the standard Cayley graph. Since K 2 · x K2 = C 4 the conditions of the theorem make sure that we are dealing with a graph of form C 2P x C 2q X C s x G where G is a product of graphs each of which is either a cycle or K 2 • There are only two cases to consider. CASE 1: s is odd. In this case we use Theorem 16 with G = C 2p and H = C 2q to get a toroidal embedding of their cartesian product with four disjoint, quadrilatral patchworks. By Theorem 15 we get a nonorientable quadrilateral embedding of C 2p x C 2q X C s • By repeated application of Theorem 15 we thereby obtain a quadrilateral, nonorientable embedding of the graph C m , X C m2 X . . . . CASE 2. s is even. Now we start with the embedding of C 2p x C 2q depicted in Figure 1 . The embedding can be described by a (generalized) embedding scheme. (See, [2] or [17] ). All Cayley graph for the group Zml X A2 which would be of degree 2r -2p + 2 we are done as AI has its standard Cayley graph bipartite of degree 2p -2 and the cartesian product of the two bipartite graphs is a bipartite graph of degree 2r.
Let some R-regular Cayley graphfor Thave an embedding in S with allfaces quadrilateral except for D faces, which are octagons. If the surfaces S is orientable then its genus y is given by:
y = 1 + ITI(R -4)/8 + D/2.
If the surface S is nonorientable then its genus y is
We can assume that m z is odd. For each i, 1 ~ i ~ r, let b i E Zml X . . . X Zm, be the element with all components equal to 0, except the ith component that is equal to 1, and
.. ,y,} is a generating set for A and the graph G(A, Li) is bipartite, regular of degree 2r.
• The next result is contained in the main theorem of [4] ; it intersects also with Theorem 8 of [16] . We include it here in illustration of the efficiency of the present approach. For other abelian groups for which the orientable genus is known, see [4] or [17] . PROOF. If m, is divisible by four then Zm, X Zm2 with the generating set Li = {(l, 0), (2, I)} has a quadrilateral embedding on a torus with four disjoint, quadrilateral patchworks, as shown in Figure 2 . We may then use Theorem 15 repeatedly. Since at least one cycle is of odd length, namely C m " the final embedding is certainly nonorientable.
• All our upper bounds apply to certain abelian groups which have their order divisible by four. In fact, the above theorems give reasonable upper bounds for the orientable and nonorientable genus of each group under consideration. Note that M. Jungerman and A. T. White [4] used current graphs to prove a stronger version of Theorem 21. However, as we said above, there are groups with Z3 factors to which no general method of genus computation seems to apply.
In the last part of the paper we consider hamiltonian groups. Since their order is divisible by 8 we are able to obtain uniform upper bounds for orientable and nonorientable genus for all hamiltonian groups. We start with the nonorientable case as we are able to get a quadrilateral embedding for the standard generating set of an arbitrary hamiltonian group. PROOF. There are two cases. CASE 1. mr is odd. We start with the toroidal embedding of K4,4 as shown in Figure 3 . Then we repeatedly apply Theorem 15. All embeddings are quadrilateral and the last one is nonorientable, since mr is odd, and therefore C m , is not bipartite. CASE 2. mr is even. Now we start with a quadrilateral embedding of K 4 ,4 into the Klein bottle. The embedding is essentially the one of Figure 3 but with different interpretation; see Figure 4 . Since there are two patchworks we may accommodate for all cycles as they are all I-factorable and two-edge-colorable. This proves the Theorem.
• Although we were unable to find quadrilateral orientable embeddings for all hamiltonian groups, we do have a general upper bound which is written for the sake of consistency with Proposition 23 in the following form. We first state and prove two lemmas that are needed in the proof of Proposition 24. Also, in the proof itself we obtain in some cases better bounds than claimed. These results are stated below as a theorem. The Cayley graph is indeed bipartite as we need an even number of generators in order to get identity in the quaternion part of the product. Figure 5 represents a quadrilateral embedding of some voltage graph K 2 (2r) , that is K2 with 2r parallel edges. The derived graph with the derived embedding yields the desired result. embedding; see also [8] . This proves that y(H)
. Toroidal embedding of Q x Z. , shown for n, = 3. The Cayley graph with generators (i, 0) and (j, I) is bipartite. The embedding has four disjoint, quadrilateral patchworks.
. We start with the embedding of Figure 6 for Q 
Now we apply the embedding of Figure 6 to Q x Zn,_, • Note that there are only a finite number of cases in which the conditions in Theorem 27 differ from the conditions of Theorem 28. This means that we know for r ;;:: 6 the nonorientable genus of a hamiltonian group if and only if we know its orientable genus.
